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EFFECTIVE BIRATIONALITY FOR SUB-PAIRS WITH
REAL COEFFICIENTS
JINGJUN HAN AND JIHAO LIU
Abstract. For ǫ-lc Fano type varieties X of dimension d and a given
finite set Γ, we show that there exists a positive integer m0 which only
depends on ǫ, d and Γ, such that both | − mKX −
∑
i
⌈mbi⌉Bi| and
|−mKX −
∑
i
⌊mbi⌋Bi| define birational maps for any m ≥ m0 provided
that Bi are pseudo-effective Weil divisors, bi ∈ Γ, and −(KX +
∑
i
biBi)
is big. When Γ ⊂ [0, 1] satisfies the DCC but is not finite, we construct
an example to show that the effective birationality may fail even if X is
fixed, Bi are fixed prime divisors, and (X,B) is ǫ
′-lc for some ǫ′ > 0.
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1. Introduction
We work over the field of complex numbers C.
For any Fano variety X, the anti-pluricanonical systems | −mKX | deter-
mine its geometry to a large extent. In the past decade, one of the most
important progress in birational geometry is the effective birationality for
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ǫ-lc Fano varieties proved by Birkar, which leads to a solution of the Borisov-
Alexeev-Borisov (BAB) conjecture:
Theorem 1.1. [Bir19, Theorem 1.2] Let d be a positive integer and ǫ a
positive real number. Then there exists a positive integer m depending only
on d and ǫ such that if X is any ǫ-lc weak Fano variety of dimension d, then
| −mKX | defines a birational map.
It is natural to ask whether Theorem 1.1 can be improved to the case
of log pairs (X,B). This is inspired by similar works in the general type
case. The effective birationality of the linear systems |mKX | for smooth
varieties X of general type was proved by Hacon-McKernan [HM06], and
Takayama [Tak06] independently. Later, in a series of celebrated papers,
Hacon, McKernan and Xu showed that the effective birationality of the
linear systems |m(KX + B)| for lc pairs (X,B) of log general type, pro-
vided that the coefficients of B satisfy the descending chain condition (DCC)
[HMX13, HMX14]. Here we adopt the convention that |D| := |⌊D⌋| for any
R-divisorD. Unfortunately, Example 6.8 indicates that we cannot generalize
Birkar’s result straightforwardly, even when dimX = 2 and the coefficients
set Γ satisfies the DCC. Nevertheless, when Γ is a finite set, the effective
birationality holds even when we loose our assumption to a wider class of
sub-pairs (X,B).
Theorem 1.2. Let d be a positive integer, ǫ a positive real number, and Γ0
a finite set of non-negative real numbers. Then there exists a positive integer
m0 depending only on d, ǫ and Γ0 satisfying the following. Assume that
(1) (X,∆) is projective ǫ-lc of dimension d for some boundary ∆ such
that KX +∆ ∼R 0 and ∆ is big,
(2) B =
∑s
i=1 biBi is a pseudo-effective R-divisor on X, where each
bi ∈ Γ0, and each Bi is a pseudo-effective Weil divisor, and
(3) −(KX +B) is big,
then |−mKX−
∑s
i=1⌈mbi⌉Bi| and |−mKX−
∑s
i=1⌊mbi⌋Bi| define birational
maps for any integer m ≥ m0 respectively. In particular, if each Bi ≥ 0,
then | −m(KX +B)| defines a birational map for any integer m ≥ m0.
In Theorem 1.2, (X,B) may not even be sub-lc as Bi may not be ef-
fective and Γ0 may not belong to [0, 1]. It is also possible that | −mKX −∑s
i=1⌈mbi⌉Bi| 6⊂ |−mKX−
∑s
i=1⌊mbi⌋Bi| although
∑s
i=1(⌈mbi⌉−⌊mbi⌋)Bi
is pseudo-effective.
When vol(−(KX +B)) is bounded from below away from 0, we can even
remove the assumption on the coefficients bi in Theorem 1.2.
Theorem 1.3. Let d be a positive integer, and ǫ, v and δ three positive real
numbers. Then there exist a positive integer m0 depending only on d, ǫ and
v, and a positive integer m′0 depending only on d, ǫ, v and δ satisfying the
following. Assume that
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• (X,∆) is projective ǫ-lc of dimension d for some boundary ∆ such
that KX +∆ ∼R 0 and ∆ is big,
• B is a pseudo-effective R-divisor on X, and
• vol(−(KX +B)) ≥ v,
then
(1) |⌈−m(KX +B)⌉| defines a birational map for any integer m ≥ m0,
(2) if B =
∑s
i=1 biBi, where each Bi is a pseudo-effective Weil divisor,
then
(a) | −mKX −
∑s
i=1⌊mbi⌋Bi| defines a birational map for any in-
teger m ≥ m0, and
(b) if bi ≥ δ for every i, then | −mKX −
∑s
i=1⌈mbi⌉Bi| defines a
birational map for any integer m ≥ m′0. In particular, if each
Bi ≥ 0, then | −m(KX + B)| defines a birational map for any
integer m ≥ m′0.
Indeed, Theorem 1.2 follows from Theorem 1.3 and a detailed study on
the volume vol(−(KX +B)):
Theorem 1.4. Let d be an integer, ǫ a positive real number, and Γ a DCC
(resp. finite) set of non-negative real numbers. Then there exists an ACC
(resp. finite) set Γ′ depending only on d, ǫ and Γ satisfying the following.
Assume that
(1) (X,∆) is projective ǫ-lc of dimension d for some boundary ∆ such
that KX +∆ ∼R 0 and ∆ is big,
(2) B is a pseudo-effective R-divisor on X, and
(3) B =
∑s
i=1 biBi, where each bi ∈ Γ, and each Bi is a pseudo-effective
Weil divisor.
Then vol(−(KX +B)) ∈ Γ
′.
Remark 1.5. A special case when we can apply Theorem 1.2, Theorem 1.3,
and Theorem 1.4 is when (X,B := B′ +M) is a generalized polarized pair,
where M is a nef Q-Cartier combinations (NQC) R-divisor. We refer the
readers to [BZ16, HL18, LT19, HL19, HL20] in this direction.
Remark 1.6. The assumptions of Theorem 1.2, Theorem 1.3, and Theorem
1.4 are necessary: see Section 6 for some examples.
We remark that Birkar proved Theorem 1.1 together with Shokurov’s
conjecture on boundednss of lc complements when Γ ⊂ [0, 1] ∩ Q is finite
[Bir19, Theorem 1.1, Theorem 1.7, Theorem 1.8]. Shokurov’s conjecture on
boundednss of lc complements (when Γ satisfies the DCC) was proved by
the authors and Shokurov [HLS19, Theorem 1.10], and Chen generalized it
to generalized polarized pairs [Che20, Theorem 1.1]. The proofs of Theorem
1.2 and Theorem 1.3 do not depend on those results in [HLS19, Che20].
We also point out that in Theorem 1.2 and Theorem 1.3, we show the
effective birationality for any positive integer m ≥ m0 rather than for a fixed
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positive integer m (c.f. Theorem 1.1). In this paper, we will also generalize
other previous results on effective birationality, [HMX14, Theorem 1.3(3)],
[BZ16, Theorem 1.3], to this setting. See Theorem 2.16 and Theorem 5.2.
We also slightly generalize [BZ16, Theorem 1.2], see Theorem 5.3.
Structure of the paper. In Section 2, we introduce some notation and tools
that will be used in the rest of the paper. In Section 3, we study the volume
vol(−(KX + B)) and prove Theorem 1.4. In Section 4 we prove Theorem
1.2 and Theorem 1.3. In Section 5, we adopt the methods developed in this
paper to slightly generalize [HMX14, Theorem 1.3(3)] and [BZ16, Theorem
1.2, Theorem 1.3]. In Section 6, we give some examples to illustrate that
the assumptions in the theorems we proved are necessary.
Acknowledgement. The authors would like to thank Guodu Chen, Chen
Jiang and Yuchen Liu for useful comments and discussions. The first author
would like to thank Chenyang Xu for encouraging him to start this work.
The second author would like to thank Christopher D. Hacon for useful
discussions and encouragements. The second author was partially supported
by NSF research grants no: DMS-1801851, DMS-1952522 and by a grant
from the Simons Foundation; Award Number: 256202.
2. Preliminaries
2.1. Pairs and singularities.
Definition 2.1. Let Γ be a set of real numbers. We say that Γ satisfies
the descending chain condition (DCC) if any decreasing sequence a1 ≥ a2 ≥
· · · ≥ ak ≥ · · · in Γ stabilizes. We say that Γ satisfies the ascending chain
condition (ACC) if any increasing sequence in Γ stabilizes.
Definition 2.2. Let X be a normal variety, and B =
∑s
i=1 biBi an R-
divisor on X, where Bi are the irreducible components of B. bi are called
the coefficents of B, ||B|| := max1≤i≤s{|bi|}, and we write B ∈ Γ if bi ∈ Γ
for every i. We write B ≥ 0 if B ∈ [0,+∞). If B ∼R B
′ ≥ 0 for some B′, B
is called effective.
Definition 2.3. A sub-pair (X,B) consists of a normal quasi-projective
variety X and an R-divisor B such that KX + B is R-Cartier. If B ≥ 0,
then (X,B) is called a pair. If B ∈ [0, 1], then B is called a boundary of X.
Let E be a prime divisor on X and D an R-divisor on X. We define
multE D to be the multiplicity of E along D.
Let φ :W → X be any log resolution of (X,B), and let
KW +BW := φ
∗(KX +B).
The log discrepancy of a prime divisor D on W with respect to (X,B) is
1−multD BW and it is denoted by a(D,X,B). For any positive real number
ǫ, we say that (X,B) is klt (resp. lc, ǫ-lc) if a(D,X,B) > 0, (resp. ≥ 0,
≥ ǫ) for every log resolution φ : W → X as above and every prime divisor
EFFECTIVE BIRATIONALITY FOR SUB-PAIRS WITH REAL COEFFICIENTS 5
D on W . We say that (X,B) is dlt if a(D,X,B) > 0 for any exceptional
prime divisor D ⊂W over X for some log resolution φ :W → X.
Definition 2.4. Let X be a normal projective variety. We say X is of Fano
type if (X,B) is klt and −(KX + B) is big and nef for some boundary B.
In particular, −KX is big.
Definition 2.5. Let X be a normal projective variety. A big R-divisor on
X is an R-divisor D on X such that D ∼R A + E, where A is an ample
R-divisor and E ≥ 0. We emphasize that D may not be R-Cartier.
2.2. Bounded families.
Definition 2.6. A couple (X,D) consists of a normal projective variety
X and a reduced divisor D on X. Two couples (X,D) and (X ′,D′) are
isomorphic if there exists an isomorphism X → X ′ mapping D onto D′.
A set P of couples is bounded if there exist finitely many projective mor-
phisms V i → T i of varieties and reduced divisors Ci on V i satisfying the
following. For each (X,D) ∈ P, there exist an index i and a closed point
t ∈ T i, such that two couples (X,D) and (V it , C
i
t) are isomorphic, where
V it and C
i
t are the fibers over t of the morphisms V
i → T i and Ci → T i
respectively.
A set C of projective pairs (X,B) is said to be log bounded if the set of the
corresponding set of couples {(X,SuppB)} is bounded. A set D of projective
varieties X is said to be bounded if the corresponding set of couples {(X, 0)}
is bounded. A log bounded (resp. bounded) set is also called a log bounded
family (resp. bounded family).
Theorem 2.7 ([Bir16, Corollary 1.2]). Let d be a positive integer and ǫ a
positive real number. Then the projective varieties X such that
(1) (X,B) is projective ǫ-lc of dimension d for some boundary B, and
(2) KX +B ∼R 0 and B is big
form a bounded family.
Remark 2.8. Assume that X is of Fano type. Then we can run any D-
MMP which terminates with some model Y for any R-Cartier R-divisor
D on X (cf. [PS09, Corollary 2.9]). Moreover, if (X,∆) is ǫ-lc for some
positive real number ǫ and some boundary ∆ such that KX +∆ ∼R 0, then
the D-MMP is a sequence of (KX+∆)-flops. Therefore, let ∆Y be the strict
transform of ∆ on Y , then (Y,∆Y ) is ǫ-lc and KY +∆Y ∼R 0. In particular,
Y belongs to a bounded family. We will repeatedly use this fact in the rest
of the paper.
The next corollary is well-known to experts:
Corollary 2.9. Let d be a positive integer and ǫ, δ two positive real numbers.
Then the projective pairs (X,B) such that
(1) (X,∆) is projective ǫ-lc of dimension d for some boundary ∆ such
that KX +∆ ∼R 0 and ∆ is big,
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(2) the non-zero coefficients of B are ≥ δ, and
(3) −(KX +B) is pseudo-effective,
form a log bounded family.
Proof. By Theorem 2.7, X belongs to a bounded family, so there exist a
positive integer r depending only on d and ǫ, and a very ample divisor H on
X, such that Hd ≤ r and (−KX) ·H
d−1 ≤ r. Since −(KX + B) is pseudo-
effective, −(KX +B) ·H
d−1 ≥ 0. Thus for any irreducible component D of
B, D ·Hd−1 ≤ r
δ
is bounded from above. By [Bir19, Lemma 2.20], (X,B) is
log bounded. 
Lemma 2.10. Let d be a positive integer and ǫ, δ two positive real numbers.
Then there exists an integer n depending only on d, ǫ and δ satisfying the
following. Assume that
(1) (X,∆) is projective ǫ-lc of dimension d for some boundary ∆ such
that KX +∆ ∼R 0 and ∆ is big, and
(2) B′ is a pseudo-effective Weil divisor on X such that −(δKX + B
′)
is pseudo-effective,
then there exists a Q-divisor B′′ ≥ 0 on X, such that nB′′ ∼ nB′.
Proof. Possibly taking a small Q-factorialization we may assume that X is
Q-factorial. Since X is of Fano type, we may run a B′-MMP and reach a
minimal model of B′, f : X 99K Y . By Theorem 2.7, Y belongs to a bounded
family. Thus there exist a positive integer r depending only on d and ǫ, and
a very ample divisor H on Y , such that Hd ≤ r and −KY ·H
d−1 ≤ r. Let B′Y
be the strict transform of B′ on Y . Since −(δKY +B
′
Y ) is pseudo-effective,
−(δKY +B
′
Y ) ·H
d−1 ≥ 0, hence B′Y ·H
d−1 ≤ −δKY ·H
d−1 ≤ δr. By [Bir19,
Lemma 2.25], there exists a positive integer n1 depending only on d, ǫ and
δ, such that n1B
′
Y is Cartier.
We claim that n := 2n1(d + 2)!(d + 1) has the required properties. By
[Kol93, Theorem 1.1], nB′Y is base-point-free. In particular, there exists a
Q-divisor B′′Y ≥ 0, such that nB
′′
Y ∼ nB
′
Y . Let p : W → X and q : W → Y
be a common resolution of f : X 99K Y , then we have
p∗B′ = q∗B′Y +E
for some Q-divisor E ≥ 0. Let
B′′ := p∗q
∗B′′Y + p∗E.
It follows that nB′′ = n(p∗q
∗B′Y + p∗E) ∼ np∗p
∗B′ = nB′. 
Corollary 2.11 could be regarded as a generalization of the theory of com-
plements to the setting of “pseudo-effective boundaries” B while X lies in a
bounded family of Fano type varieties.
Corollary 2.11. Let d be a positive integer, ǫ a positive real number, and
Γ0 a finite set of rational numbers. Then there exists a positive integer n
depending only on d, ǫ and Γ0 satisfying the following. Assume that
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(1) (X,∆) is projective ǫ-lc of dimension d for some boundary ∆ such
that KX +∆ ∼R 0 and ∆ is big,
(2) B =
∑s
i=1 biBi is a pseudo-effective R-Cartier R-divisor on X,
where each bi ∈ Γ0 and each Bi is a pseudo-effective Weil divisor,
and
(3) −(KX +B) is pseudo-effective,
then there exists a Q-divisor B+ on X, such that nB+ is a Weil divisor,
and n(B+ −B) ∈ | − n(KX +B)|. In particular, n(KX +B+) ∼ 0.
Proof. Let n0 be a positive integer such that n0Γ0 ⊂ Z, and B
′ := −n0(KX+
B). Then both B′ and −(n0KX + B
′) = n0B are pseudo-effective. By
Lemma 2.10, there exist a positive integer n1 depending only on d, ǫ and
n0, and a Q-divisor B
′′ ≥ 0, such that n1B
′′ ∼ n1B
′ = −n0n1(KX + B).
It follows that n := n0n1, and B
+ := 1
n
(n1B
′′ + nB) have the required
properties. 
2.3. Potentially birational.
Definition 2.12. Let X be a normal projective variety and D a big Q-
Cartier Q-divisor on X. We say that D is potentially birational if for any
two general closed points x and y on X, possibly switching x and y, we may
find 0 ≤ ∆ ∼Q (1−ǫ)D for some Q-divisor ∆ and rational number ǫ ∈ (0, 1),
such that (X,∆) is lc at x with {x} an lc center, and (X,∆) is not klt at y.
Remark 2.13. By definition, potentially birationality is preserved under
Q-linear equivalence: if D is potentially birational and D ∼Q D
′, then D′ is
also potentially birational. We will repeatedly use this fact in this paper.
Lemma 2.14 ([HMX13, Lemma 2.3.4]). Let X be a normal projective va-
riety and D a big Q-Cartier Q-divisor on X.
(1) If D is potentially birational, then |KX + ⌈D⌉| defines a birational
map.
(2) If |D| defines a birational map, then (2n+1)⌊D⌋ is potentially bira-
tional.
Lemma 2.15. Let X be a normal projective variety, D a big Q-Cartier Q-
divisor on X, and E an effective Q-Cartier Q-divisor on X. Suppose that
D is potentially birational. Then D + E is potentially birational.
Proof. Since E is effective, E ∼Q F for some Q-divisor F ≥ 0. Since D
is potentially birational, for any two general closed points x and y on X,
possibly switching x and y, we may find 0 ≤ ∆ ∼Q (1 − ǫ)D for some
rational number ǫ ∈ (0, 1), such that (X,∆) is lc at x with {x} an lc center,
and (X,∆) is not klt at y. Since x, y are general, x, y 6∈ SuppF , hence
(X,∆′ := ∆ + (1− ǫ)F ) is lc at x with {x} an lc center, and (X,∆′) is not
klt at y. We have
(1− ǫ)(D + E) ∼Q ∆+ (1− ǫ)F ≥ 0.
It follows that D +E is potentially birational. 
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The next technical result is crucial to the proofs of our main theorems:
Theorem 2.16. Let d,m1,m2 be three positive integers and ǫ a positive real
number. Then there exists a positive integer m0 depending only on d,m1,m2
and ǫ satisfying the following. Assume that
(1) X is a Q-factorial projective variety of dimension d,
(2) B =
∑s
i=1 biBi is a pseudo-effective R-Cartier R-divisor on X,
where each Bi is a pseudo-effective Weil divisor,
(3) D = n(KX +B) is a big R-divisor on X for some integer n,
(4) |m2m1nKX +m2
∑s
i=1⌊m1nbi⌋Bi| defines a birational map, and
(5) for any R-divisor B′ =
∑s
i=1 b
′
iBi on X, if max1≤i≤s{|bi − b
′
i|} ≤ ǫ,
then n(KX +B
′) is big.
Then |mnKX +
∑s
i=1⌊mnbi⌋Bi| defines a birational map for every positive
integer m ≥ m0.
Proof. Since |m2m1nKX+m2
∑s
i=1⌊m1nbi⌋Bi| defines a birational map, by
Lemma 2.14(2), (2d + 1)(m2m1nKX + m2
∑s
i=1⌊m1nbi⌋Bi) is potentially
birational. Let m3 := (2d+1)m1m2. We will show that m0 := m3+ ⌈
1
ǫ
⌉+1
satisfies our requirements. For any integer m ≥ m0,
(mnKX +
s∑
i=1
⌊mnbi⌋Bi −KX)− (2d+ 1)(m2m1nKX +m2
s∑
i=1
⌊m1nbi⌋Bi)
=(n(m−m3)− 1)(KX +
s∑
i=1
(bi −
{mnbi}
n(m−m3)− 1
)Bi)
+ (B +
m3
m1
s∑
i=1
{m1nbi}Bi).
Since
|
{mnbi}
n(m−m3)− 1
| <
1
|n(m−m3)− 1|
≤ ǫ
for any i, by our assumptions,
n(KX +
s∑
i=1
(bi −
{mnbi}
n(m−m2)− 1
)Bi)
is big, hence
(mnKX +
s∑
i=1
⌊mnbi⌋Bi −KX)− (2d+ 1)(m2m1nKX +m2
s∑
i=1
⌊m1nbi⌋Bi)
is big. By Lemma 2.15,
mnKX +
s∑
i=1
⌊mnbi⌋Bi −KX
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is potentially birational. By Lemma 2.14(1), |mnKX +
∑s
i=1⌊mnbi⌋Bi| de-
fines a birational map. 
Remark 2.17. In Theorem 2.16, n can be either positive or negative (n 6= 0
as D = n(KX + B) is big) and may depend on X. On the other hand, m0
does not depend on n. In this paper, we usually take n = 1 or −1.
3. Volume for bounded log Fano sub-pairs
In this section, we study several properties of the volume vol(−(KX+B)),
where X is a Fano variety which belongs to a bounded family, and B is a
pseudo-effective R-divisor. We prove Theorem 1.4 at the end of this section.
Lemma 3.1 ([Jia18, Lemma 2.5], [DS16, Lemma 4.2], [CDHJS18, Lemma
2.1]). Let X be a normal projective variety, D an R-Cartier R-divisor, and
S a base-point free normal Cartier prime divisor. Then for any positive real
number t,
vol(D + tS) ≤ vol(D) + t(dimX) vol(D|S + tS|S).
Theorem 3.2. Let v be a positive real number and P a log bounded set of
pairs. Then there exists a positive real number ǫ depending only on v and P
satisfying the following. Assume that
(1) (X,B) ∈ P is a Q-factorial projective pair,
(2) M is a pseudo-effective R-divisor on X,
(3) vol(−(KX +M)) ≥ v, and
(4) B′ is an R-divisor on X such that ||B′|| ≤ ǫ and SuppB′ ⊂ SuppB.
Then vol(−(KX +B
′ +M)) ≥ v2 . In particular, −(KX +B
′ +M) is big.
Proof. Since P is log bounded, we may pick a very ample divisor S on X,
such that Sd ≤ r, and S + KX and S − SuppB are big. Let S
′ ∈ |S|
be a general element, such that S′ is a normal Cartier prime divisor, and
(S +KX +M)|S′ is effective.
By Lemma 3.1, for any positive real number t,
v ≤ vol(−(KX +M))
≤ vol(−(KX +M)− tS
′) + t(dimX) vol(−(KX +M)|S′)
≤ vol(−(KX +M)− tS
′) + t(dimX) vol(S|S′)
= vol(−(KX +M)− tS
′) + t(dimX)r.
Since P is log bounded, we may assume that dimX ≤ d for some positive
integer d depending only on P. Let ǫ := v2dr . For any R-divisor B
′ on X
such that ||B′|| ≤ ǫ and SuppB′ ⊂ SuppB, we have
vol(−(KX +B
′ +M)) ≥ vol(−(KX + ǫ SuppB +M))
≥ vol(−(KX +M)− ǫS
′)
≥ v − drǫ =
v
2
.
Thus ǫ satisfies our requirements. 
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The following Proposition is a special case of Theorem 1.4, i.e., when Γ
is a finite set. The Step 2 in the proof of Proposition 3.3 is similar to the
proof of [HLS19, Lemma 3.26].
Lemma 3.3. Let d be a positive integer, ǫ a positive real number, and
Γ0 a finite set of non-negative numbers. Then there exists a finite set Γ
′
0
depending only on d, ǫ and Γ0 satisfying with the following. Assume that
(1) (X,∆) is projective ǫ-lc of dimension d for some boundary ∆ such
that KX +∆ ∼R 0 and ∆ is big,
(2) B is a pseudo-effective R-divisor on X, and
(3) B =
∑s
i=1 biBi, where each bi ∈ Γ0, and each Bi is a pseudo-effective
Weil divisor.
then vol(−(KX +B)) ∈ Γ
′
0.
Proof. Step 1. In this step, we reduce the lemma to the case when each Bi ≥
0 and X is Q-factorial. Possibly replacing X with a small Q-factorization,
we may assume that X is Q-factorial. We may assume that −(KX + B) is
big, otherwise vol(−(KX +B)) = 0 and there is nothing to prove. We may
also assume that each Bi 6≡ 0 and each bi > 0, otherwise we may replace
B with B − biBi. Since −(KX + biBi) − (−(KX + B)) is pseudo-effective,
−( 1
bi
KX+Bi) is big for any i. By Lemma 2.10, there exist a positive integer
n depending only on d, ǫ and Γ0, and Q-divisors B
′
i ≥ 0, such that nB
′
i ∼ nBi
for each i. Possibly replacing Γ0 with
1
n
Γ0 and Bi with B
′
i, we may assume
that each Bi ≥ 0.
By Theorem 2.7, X is bounded. Thus there exist a positive integer r
depending only on d and ǫ, and a very ample divisor H on X, such that
(−KX) ·H
d−1 ≤ r. For any irreducible component D of B, since −(KX+B)
is big, −(KX +(multD B)D) is big. Thus −(KX +(multD B)D) ·H
d−1 > 0,
hence multD B < r, and B ∈ [0, r). Let
Γ′0 := {
s∑
j=1
niγi | s, ni ∈ N, γi ∈ Γ0,
s∑
j=1
niγi < r},
then Γ′0 is a finite set, and all the coefficients of B belong to Γ
′
0. Possibly
replacing B1, . . . , Bs with the irreducible components of B, and Γ0 with Γ
′
0,
we may assume that Bi are distinct prime divisors.
Step 2. In this step, we prove the lemma by contradiction. Suppose that
there exists a sequence of Q-factorial pairs (Xi, B
i), such that (Xi,∆i) is
ǫ-lc and KXi + ∆i ∼R 0 for some ∆i, B
i ∈ Γ0, −(KXi + B
i) is big, and
vol(−(KXi +B
i)) is either strictly increasing or strictly decreasing.
Since Xi is of Fano type, possibly replacing −(KXi +B
i) with a minimal
model, we may assume that −(KXi + B
i) is big and nef. By Corollary 2.9,
(Xi, B
i) belongs to a log bounded family.
Possibly passing to a subsequence of (Xi,SuppB
i), we may assume that
there exist a projective morphism V → T of varieties, a non-negative integer
u, a reduced divisor C =
∑u
j=1Cj on V , and a dense set of closed points
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ti ∈ T such that Xi is the fiber of V → T over ti, and each component
of SuppBi is a fiber of Cj → T over ti for some j. Since Xi is normal,
possibly replacing V with its normalization and replacing C with its inverse
image with reduced structure, we may assume that V is normal. Possibly
shrinking T , using Noetherian induction, and passing to a subsequence of
(Xi,SuppB
i), we may assume that V → T is flat, and Cj → T is flat for
any j.
We may assume that Bi =
∑u
j=1 b
i
jCj|ti , where b
i
j ∈ Γ0. Possibly passing
to a subsequence, we may assume that bij is a constant for each j.
For each j, let aij be a sequence of increasing rational numbers, such
that aij ≤ b
1
j and limi→+∞ a
i
j = b
1
j . Let B
1
i :=
∑u
j=1 a
i
jCj |t1 and B
2
i :=∑u
j=1 a
i
jCj|t2 . By the asymptotic Riemann-Roch theorem and the invariance
of Euler characteristic in a flat family, we have
vol(−(KX1 +B
1)) = (−(KX1 +B
1))d = lim
i→+∞
(−(KX1 +B
1
i ))
d
= lim
i→+∞
(−(KX2 +B
2
i ))
d = (−(KX2 +B
2))d = vol(−(KX2 +B
2)),
a contradiction. 
Now we are ready to prove Theorem 1.4. The Step 2 in the proof of
Theorem 1.4 is similar to the proof of [HLS19, Proposition 3.28].
Proof of Theorem 1.4. By Proposition 3.3, we only need to prove the case
when Γ is a DCC set and show that the set of vol(−(KX +B)) satisfies the
ACC.
Step 1. In this step, we reduce the lemma to the case when each Bi ≥ 0
and X is Q-factorial. Possibly replacing X with a small Q-factorization,
we may assume that X is Q-factorial. We may assume that −(KX + B) is
big, otherwise vol(−(KX +B)) = 0 and there is nothing to prove. We may
also assume that each Bi 6≡ 0 and each bi > 0, otherwise we may replace
B with B − biBi. Since −(KX + biBi) − (−(KX + B)) is pseudo-effective,
−( 1
bi
KX+Bi) is big for any i. By Lemma 2.10, there exist a positive integer
n depending only on d, ǫ and Γ, and Q-divisors B′i ≥ 0, such that nB
′
i ∼ nBi
for each i. Possibly replacing Γ with 1
n
Γ and Bi with B
′
i, we may assume
that each Bi ≥ 0.
By Theorem 2.7, X is bounded. Thus there exist a positive integer r
depending only on d and ǫ, and a very ample divisor H on X, such that
(−KX) ·H
d−1 ≤ r. For any irreducible component D of B, since −(KX+B)
is big, −(KX +(multD B)D) is big. Thus −(KX +(multD B)D) ·H
d−1 > 0,
hence multD B < r, and B ∈ [0, r). Let
Γ′ := {
s∑
j=1
niγi | s, ni ∈ N, γi ∈ Γ,
s∑
j=1
niγi < r},
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then Γ′ is a DCC set, and all the coefficients of B belong to Γ′. Possibly
replacing B1, . . . , Bs with the irreducible components of B, and Γ with Γ
′,
we may assume that Bi are distinct prime divisors.
Step 2. In this step, we prove the lemma by contradiction.
Suppose that there exists a sequence of Q-factorial pairs (Xi, B
i), such
that (Xi,∆i) is ǫ-lc and KXi +∆i ∼R − for some ∆i, B
i ∈ Γ, −(KXi +B
i)
is big, and vol(−(KXi +B
i)) is strictly increasing.
Since Xi is of Fano type, possibly replacing −(KXi +B
i) with a minimal
model, we may assume that −(KXi + B
i) is big and nef. By Corollary 2.9,
(Xi, B
i) belongs to a log bounded family.
In particular, the number of irreducible components of Bi is bounded
from above. Possibly passing to a subsequence, we may assume that
Bi =
u∑
j=1
bijB
i
j ,
where u is a non-negative integer, Bij are the irreducible components of B
i,
bij ∈ Γ, and {b
i
j}
∞
i=1 is an increasing sequence for every j ∈ {1, 2, . . . , u}. Let
bj := lim
i→+∞
bij, and B
i :=
u∑
j=1
bjB
i
j.
Claim 3.4. There exists a sequence of positive real numbers ǫi, such that
limi→+∞ ǫi = 0, and
ǫi(−(KXi +B
i))− (Bi −Bi)
is effective.
Suppose that the claim is true. Possibly passing to a subsequence, we
may assume that ǫi < 1 for every i. Then
−(KXi +B
i)− (1− ǫi)(−(KXi +B
i)) = ǫi(−(KXi +B
i))− (Bi −Bi)
is effective and −(KXi +B
i) is big. Thus
vol(−(KXi +B
i)) ≥(1− ǫi)
d vol(−(KXi +B
i))
≥(1− ǫi)
d vol(−(KXi +B
i)).
By Proposition 3.3, vol(−(KXi+B
i)) belongs to a finite set. Possibly passing
to a subsequence, we may assume that vol(−(KXi +B
i)) = C is a constant.
Hence
C
(1− ǫi)d
≥ vol(−(KXi +B
i)) ≥ C.
Since limi→∞ ǫi = 0 and vol(−(KXi + B
i)) is increasing, we deduce that
vol(−(KXi +B
i)) belongs to a finite set, a contradiction. 
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Proof of Claim 3.4. Let Ai be a very ample divisor on Xi, such that
δiAi − (Bi −B
i)
is effective for some positive real number δi, limi→+∞ δi = 0, and (−(KXi +
Bi))d−1 · Ai ≤ r, where r is a positive real number depending only on d, ǫ
and Γ. There exists a positive real number b, such that
b <
(−(KXi +B
i))d
d(−(KXi +B
i))d−1 · Ai
=
vol(−(KXi +B
i))
d(−(KXi +B
i))d−1 ·Ai
.
By Lemma 3.1, we have
vol(−(KXi +B
i)− bAi)
≥vol(−(KXi +B
i))− bd vol(−(KXi +B
i)|Ai)
>vol(−(KXi +B
i))−
vol(−(KXi +B
i))
(−(KXi +B
i))d−1 ·Ai
· ((−(KXi +B
i))d−1 · Ai)
=0,
which implies that
−(KXi +B
i)− bAi
is effective.
Let ǫi :=
δi
b
, then
ǫi(−(KXi+B
i))−(Bi−Bi) = (ǫi(−(KXi+B
i))−bǫiAi)+(δiAi−(Bi−B
i))
is effective, and the claim is proved. 
4. Proofs of Theorem 1.2 and Theorem 1.3
Lemma 4.1. Let d, n be two positive integers and ǫ a positive real number.
Then there exists a positive integer m divisible by n depending only on d, n
and ǫ satisfying the following. Assume that
(1) (X,∆) is projective ǫ-lc of dimension d for some boundary ∆ such
that KX +∆ ∼R 0 and ∆ is big,
(2) B is a pseudo-effective Q-divisor on X such that KX + B is Q-
Cartier,
(3) nB is a Weil divisor, and
(4) −(KX +B) is big,
then | −m(KX +B)| defines a birational map.
Proof. Possibly replacing X with a small Q-factorization, we may assume
that−(KX+B) isQ-Cartier. Possibly replacing −(KX+B) with its minimal
model, we may assume that −(KX + B) is big and nef. By Theorem 2.7,
X is bounded. Thus there exist a positive integer r depending only on
d and ǫ, and a very ample Cartier divisor H on X, such that Hd ≤ r
and −KX · H
d−1 ≤ r. Since B is pseudo-effective, −n(KX + B) · H
d−1 ≤
−nKX ·H
d−1 ≤ nr. By [Bir19, Lemma 2.25], there exists a positive integer
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m1 depending only on d, n and ǫ such thatm1(KX+B) is Cartier. By [Kol93,
Theorem 1.1], m := 2m1(d+ 2)!(d + 1) satisfies our requirements. 
Proof of Theorem 1.3(2.b). By Lemma 2.10, possibly replacing X with a
small Q-factorialization and each Bi with its pullback, we may assume that
X is Q-factorial. Moreover, if we assume that each Bi ≥ 0, then all the
coefficients of B ≥ δ. Possibly replacing B1, . . . , Bs with the irreducible
components of B, we may assume that Bi are distinct prime divisors.
By Lemma 2.10, there exists a positive integer n depending only on d and
ǫ, and Q-divisors B′i ≥ 0 for every i ∈ {1, 2, . . . , s}, such that nB
′
i ∼ nBi for
each i.
Possibly reodering indices, we may let B¯ :=
∑s1
i=1 biB
′
i+
∑s
i=s1+1
biB
′
i for
some s1 ∈ {0, 1, . . . , s}, such that B
′
i = 0 if and only if i ≥ s1 + 1. Since
all the non-zero coefficients of B¯ are ≥ δ
n
, by Corollary 2.9, (X, B¯) is log
bounded. Thus there exists a positive integer u depending only on d, ǫ and δ,
such that s1 ≤ u. Moreover, since −(KX + B¯) is big, there exists a positive
integer N depending only on d, ǫ and δ, such that for any i ∈ {1, 2, . . . , s}
and any irreducible component D of B¯, multD B
′
i ≤ N .
By Theorem 3.2, there exists a positive integer n0 depending only on
d, ǫ, δ and v, such that vol(−(KX + B¯
′)) ≥ v2 for any R-divisor B
′ on X such
that ||B¯ −B′|| ≤ 1
n0
and SuppB′ ⊂ Supp B¯.
Let n1 := Nun0. Then for any real numbers b
′
1, . . . , b
′
s such that max{|bi−
b′i|} ≤
1
n1
and any irreducible component D of B¯,
|multD(B¯ −
s∑
i=1
b′iB
′
i)| = |multD(
s∑
i=1
(bi − b
′
i)B
′
i)| ≤
1
n1
s∑
i=1
|multD B
′
i|
=
1
n1
s1∑
i=1
|multD B
′
i| ≤
Nu
n1
=
1
n0
,
which implies that
||B¯ −
s∑
i=1
b′iB
′
i|| ≤
1
n0
,
hence
vol(−(KX +
s∑
i=1
b′iBi)) = vol(−(KX +
s∑
i=1
b′iB
′
i)) ≥
v
2
.
In particular,
vol(−(KX +
s∑
i=1
⌈n1bi⌉
n1
Bi)) ≥
v
2
.
By Lemma 4.1, there exists a positive integer m1 depending only on d, ǫ, δ
and v, such that
| −m1(KX +
s∑
i=1
⌈n1bi⌉
n1
Bi)|
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defines a birational map and n1 | m1. This is equivalent to say that
|
m1
n1
· (−n1)KX +
m1
n1
s∑
i=1
(⌊−n1bi⌋Bi)|
defines a birational map. The theorem follows from Theorem 2.16. 
Proof of Theorem 1.3(1) and Theorem 1.3(2.a). Possibly replacing X with
a small Q-factorialization, we may assume that X is Q-factorial. Since
−(KX + B) is big, −KX is also big and vol(−KX) ≥ v. By Theorem
1.3(2.b), there exists a positive integer m1 depending only on d and ǫ, such
that |−m1KX | defines a birational map. By Lemma 2.14(2), −(2d+1)m1KX
is potentially birational.
By Lemma 2.10, there exists a positive integer n depending only on d and
ǫ and a Q-divisor P ≥ 0 on X, such that −nKX ∼ nP . By Corollary 2.9,
(X,P ) is log bounded. By Theorem 3.2, there exists a positive integer ǫ′
depending only on d, ǫ and v, such that for any positive real number δ ≤ ǫ′,
vol(−(KX +B + δP )) ≥
v
2 .
Let m2 := (2d+ 1)m1. We show that m0 := ⌈
m2+1
ǫ′
⌉ satisfies our require-
ments. For every m ≥ m0, we have
((−mKX − ⌊mB⌋)−KX)− (−(2d+ 1)m1KX)
=−m(
m−m2 − 1
m
KX +B) + {mB}
∼R −m(KX +B +
m2 + 1
m
P ) + {mB},
and under the assumption of Theorem 1.3(2.a),
((−mKX −
s∑
i=1
⌊mbi⌋Bi)−KX)− (−(2d + 1)m1KX)
=−m(
m−m2 − 1
m
KX +B) +
s∑
i=1
{mbi}Bi
∼R −m(KX +B +
m2 + 1
m
P ) +
s∑
i=1
{mbi}Bi.
Since m ≥ ⌈m2+1
ǫ′
⌉, −m(KX +B +
m2+1
m
P ) is big, which implies that
(−mKX − ⌊mB⌋)−KX − (−(2d + 1)m1KX)
is big, and under the assumption of Theorem 1.3(2.a),
(−mKX −
s∑
i=1
⌊mbi⌋Bi −KX)− (−(2d + 1)m1KX)
is big. By Lemma 2.15,
(−mKX − ⌊mB⌋)−KX
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is potentially birational, and under the assumption of Theorem 1.3(2.a),
(−mKX −
s∑
i=1
⌊mbi⌋Bi)−KX
is potentially birational. Theorem 1.3(1) and Theorem 1.3(2.a) follow from
Lemma 2.14(1). 
Proof of Theorem 1.2. For any X and B as in the assumption, by Theorem
1.4, vol(−(KX + B)) is bounded from below by a positive real number v
depending only on d, ǫ and Γ0. The Theorem follows from Theorem 1.3. 
5. Log general type pairs and effective Iitaka fibration
In this section, we gather several state-of-the-art results on effective bira-
tionality and effective Iitaka fibrations, and slightly generalize them.
Theorem 5.1 ([HM06, Theorem 1.1],[HMX14, Theorem 1.3(3)],[BZ16, The-
orem 1.3]). Let d, n be two positive integers and Γ ⊂ [0, 1] a DCC set. Then
there exists a positive integer m0 depending only on d, n and Γ satisfying the
following. Assume that
(1) (X,B) is an lc pair of dimension d,
(2) B ∈ Γ,
(3) M is a nef Q-divisor on X such that nM is Cartier, and
(4) KX +B +M is big,
then |m(KX +B +M)| defines a birational map for any positive integer m
divisible by m0.
By using methods in this paper, we could slightly improve Theorem 5.1:
Theorem 5.2. Let d, n be two positive integers and Γ ⊂ [0, 1] a DCC set.
Then there exists a positive integer m0 depending only on d, n and Γ satis-
fying the following. Assume that
(1) (X,B) is an lc pair of dimension d,
(2) B ∈ Γ,
(3) M is a nef Q-divisor on X such that nM is Cartier, and
(4) KX +B +M is big,
then |m(KX + B + M)| defines a birational map for any positive integer
m ≥ m0 such that mM is a Weil divisor. In particular, if KX + B is big,
then |m(KX +B)| defines a birational map for any positive integer m ≥ m0.
Proof of Theorem 5.2. Possibly replacing Γ with Γ ∪ {1}, (X,B) with a dlt
modification, andM with its pullback, we may assume that X is Q-factorial.
Assume that B =
∑s
i=1 biBi where Bi are the irreducible components of
B. Let n0 be the least positive integer such that M0 := n0M is a Weil
divisor. Since nM is Cartier, n0 | n. By Theorem 5.1, there exists a positive
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integer m′0 depending only on d, n and Γ such that |m
′
0n(KX + B + M)|
defines a birational map. This is equivalent to say that
|m2m1KX +
s∑
i=1
⌊m2m1bi⌋Bi + ⌊
m2m1
n0
⌋M0|
defines a birational map, where m2 := 1 and m1 := m
′
0n.
By [BZ16, Theorem 8.1], there exists a positive real number ǫ depending
only on d, n and Γ, such that for any R-divisor B′ on X and real number δ,
if SuppB′ ⊂ SuppB, ||B −B′|| ≤ ǫ, and | 1
n0
− δ| < ǫ, then KX +B
′ + δM0
is big. By Theorem 2.16, there exists a positive integer m0 depending only
on d, n and Γ, such that
|mKX +
s∑
i=1
⌊mbi⌋Bi + ⌊
m
n0
⌋M0|
defines a birational map for any positive integerm ≥ m0. In particular, when
mM is a Weil divisor, ⌊m
n0
⌋M0 =
m
n0
M0 = mM , hence |m(KX + B +M)|
defines a birational map.
When KX + B is big and M = 0, we have M0 = 0, hence |m(KX + B)|
defines a birational map. 
Theorem 5.2 immediately implies the following theorem on effective Iitaka
fibrations, which slightly improves [BZ16, Theorem 1.2].
Theorem 5.3. Let d, b and β be three positive integers, then there exists a
positive integer m0 = m0(d, b, β) depending only on d, b and β satisfying the
following. Assume that
(1) W is a smooth projective variety of dimension d such that κ(W ) ≥ 0,
(2) V →W is a resolution of W ,
(3) f : V → X is an Iitaka fibration of KW , and
(4)
b := min{u ∈ N+ | |uKF | 6= ∅},
where F is a very general fiber of V → X,
(5) F˜ is the smooth model of the Z/(b)-cover of F over the unique divisor
in |bKF |,
(6) β := dimHdim F˜ (F˜ ,C), and
(7) N := lcm{n ∈ N+ | ϕ(n) ≤ β}, where ϕ is the Euler function.
Then |mKW | defines an Iitaka fibration for any integer m ≥ m0 such that
Nb | m.
Proof of Theorem 5.3. We follow the same lines as the proof of [BZ16, The-
orem 1.2].
Possibly replacing W with V , we may assume that the Iitaka fibration is
f : W → X. We may assume that κ(W ) ≥ 1, otherwise there is nothing to
prove. We let
Γ = Γ(b,N) := {
bNu− v
bNu
| u, v ∈ N+, v ≤ bN}
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which is a DCC set in [0, 1).
By [VZ09, Theorem 1.2] and [FO00], possibly replacing W and X with
sufficiently high resolutions, we may assume that X is smooth, and there
exist a boundary B on X, and a nef Q-divisor M on X, such that
• B is a simple normal crossing Q-divisor whose coefficients are con-
tained in Γ, in particular, (X,B) is lc,
• NbM is nef Cartier,
• KX +B +M is big, and
• for any positive integer m divisible by b, |mKW | defines an Iitaka
fibration if and only if |m(KX +B +M)| defines a birational map.
Theorem 5.3 immediately follows from Theorem 5.2. 
6. Examples
In this section we give examples which show that the assumptions of our
main theorems are necessary. We state the following lemma, which provides
a very convenient necessary condition for a divisor to define a birational
map, and will be repeatedly used in this section.
Lemma 6.1 (c.f. [HM06, Lemma 2.2]). Let X be a normal projective variety
and D a Q-Cartier Weil divisor on X such that |D| defines a birational map.
Then vol(D) ≥ 1.
6.1. Necessity of integrability of the nef part. The next example shows
that we need to study linear systems of the forms |−mKX −
∑s
i=1⌈mbi⌉Bi|
instead of |−m(KX +B)| in Theorem 1.2 and Theorem 1.3(2) when B 6≥ 0,
and also shows that the requirement “mM is a Weil divisor” in Theorem
5.2 is necessary.
Example 6.2. Let n be a positive integer, and X a curve of genus 0
(resp. genus 2). For every positive integer s, let p1, . . . , p2s be 2s gen-
eral closed points on X, and let Bs = Ms :=
1
n
∑s
i=1(p2i−1 − p2i). Notice
that deg(−(KX +B
s)) = 2 (resp. deg(KX +Ms) = 2),
∑s
i=1(p2i−1 − p2i) is
a nef Cartier divisor, and mMs is a Weil divisor if and only if n | m.
For any positive integer m < s2 such that n ∤ m,
deg(⌊−m(KX+B
s)⌋) = 2m−s < 0 (resp. deg(⌊m(KX+Ms)⌋) = 2m−s < 0).
Therefore, if m < s2 , then |⌊−m(KX +B
s)⌋| (resp. |⌊m(KX +Ms)⌋|) defines
a birational map if and only if n | m.
The next example shows that in Theorem 5.2, m2 relies on the Cartier
index ofM (i.e. relies on n) even when dimX = 2, B = 0, andM is integral.
Example 6.3. For any positive integer n, let Xn := P(1, 1, n), H1,n the
first toric invariant divisor (i.e. corresponds to the first 1), and Mn =
−KXn + H1,n. Then Mn is nef integral and KXn + Mn = H1,n is big.
However, since
deg(m(KXn +Mn)) = m degH1,n = m,
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m(KXn +Mn) does not define a birational map when m < n.
6.2. Necessity of the lower bound of the volume. The following ex-
ample shows that the assumption vol(−(KX +B)) ≥ v in Theorem 1.3(2.b)
is necessary even when dimX = 1 and each Bi ≥ 0:
Example 6.4. Let X := P1, p1, p2, p3, p4 four distinct closed points on X,
and Bn := (12 −
1
2n)(p1 + p2 + p3 + p4) for every integer n ≥ 2. Then all
the coefficients of Bn are ≥ 14 , (X,B
n) is 12 -lc log Fano for every n, and
deg(−(KX + B
n)) = 2
n
. For every positive integer m < n, deg(⌊−m(KX +
Bn)⌋) ≤ 0, so | −m(KX +B
n)| does not define a birational map.
6.3. Necessity of the lower bound of the coefficients. The following
example shows that the assumption “bi ≥ δ” in Theorem 1.3(2.b) is neces-
sary even when dimX = 1 and each Bi ≥ 0:
Example 6.5. Consider X := P1 and Bn := 12n
∑2n
i=1 pi for every positive
integer n, where pi are distinct closed points on X. Then (X,B
n) is 12 -lc
and deg(−(KX +B
n)) = 1 for every n. However, |−m(KX +B
n)| does not
define a birational map for any m ≤ 2n − 1.
6.4. Necessity of the singularity assumption. The following example
shows that the assumption “(X,∆) is projective ǫ-lc of dimension d for some
boundary ∆ such that KX +∆ ∼R 0 and ∆ is big” is necessary in Theorem
1.2 and Theorem 1.3, even when dimX = 2 and B = 0. We remark that
when dimX = 1, X = P1 and the assumption is automatically satisfied by
letting ǫ = 12 and ∆ =
1
2
∑4
i=1 pi, where pi are different closed points on X.
Example 6.6. Consider the general hypersurfaces Xn+1 ⊂ P(1, 1, 1, n) of
degree n + 1 for every positive integer n. By [IF00, Theorem 8.1], X is
quasismooth klt Fano, and vol(−KXn+1) =
4(n+1)
n
> 4, but Xn+1 is not
2
n
-klt.
Notice that the map defined by | −mKXn+1 | cannot be birational for any
positive integer m < n2 . Indeed, for any n ≥ 3 and positive integer m <
n
2 ,
the map given by | −mKXn+1 | must factorize through P(1, 1, 1)
∼= P2. Since
degXn+1 = n + 1 > 1 + 1 + 1, the map defined by | −mKXn+1 | cannot be
birational.
The following well-known example shows that the assumption “(X,∆) is
projective ǫ-lc of dimension d for some boundary ∆ such that KX +∆ ∼R 0
and ∆ is big” is necessary in Theorem 1.4 even when dimX = 2 and B = 0.
Notice that when d = 1, (X = P1,∆ = 12
∑4
i=1 pi) is
1
2 -lc, where pi are
different closed points on X.
Example 6.7 ([KM99, 22.5 Proposition], [HMX14, Example 2.1.1]). Let
p, q, r be three coprime positive integers. Then P(p, q, r) is a klt del Pezzo
surface such that vol(−KP(p,q,r)) =
(p+q+r)2
pqr
. However
{
(p+ q + r)2
pqr
| p, q, r ∈ N+, (p, q) = (q, r) = (p, r) = 1}
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is dense in R+.
6.5. The linear system |−⌊m(KX+B)⌋|. Even if we replace |−m(KX+
B)| with the linear system | − ⌊m(KX +B)⌋| which has more sections, the
assumption “B ∈ Γ0” in Theorem 1.2 and the assumption “vol(−(KX +
B)) ≥ v” in Theorem 1.3(1) and Theorem 1.3(2.a) are still necessary, even
when dimX ≥ 2, the coefficients of B belong a DCC set of non-negative real
numbers, and (X,B) is ǫ-lc for some ǫ > 0. We remark that when dimX = 1,
deg(−⌊m(KX +B)⌋) ≥ 1 so | − ⌊m(KX +B)⌋| defines a birational map for
any positive integer m.
Example 6.8. Let
X = X18 ⊂W := P(2, 3, 5, 9)
be a general hypersurface of degree 18. By [IF00, Theorem 8.1], X is quasi-
smooth. By [CPS10, Lemma 3.1.4; Part 4, The Big Table, page 135], X is
an exceptional del Pezzo surface and vol(−KX) =
1
15 .
Let H ⊂ W be the toric invariant divisor corresponds to the first co-
ordinate, i.e. corresponds to the 2 in (2, 3, 5, 9), and B := H|X . Since
KW +X+
1
2H ∼Q 0, KX +
1
2B ∼Q 0. Since X is exceptional, (X,
1
2B) is klt,
and hence ǫ-lc for some real number ǫ > 0. (Indeed, by [CPS10, Lemma
3.1.4], (X, 0) is 35 -lc. Since (X,B) is lc, we may take ǫ =
3
10 .)
Consider (X,Bn := (
1
2 −
1
2n)B). Then (X,Bn) is ǫ-lc log Fano for every
positive integer n. Moreover, for every positive integer m < n,
⌊m(KX +Bn)⌋ = mKX + ⌊
m− 1
2
⌋B ∼Q (m− 2⌊
m− 1
2
⌋)KX .
Since vol(−KX) =
1
15 ,
vol(−⌊m(KX +Bn)⌋) = vol(−(m−2⌊
m − 1
2
⌋)KX) ≤ vol(−2KX) =
4
15
< 1.
By Lemma 6.1, | − ⌊m(KX + Bn)⌋| does not define a birational map for
any positive integer m < n.
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